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Abstract 

Starting from a theory of heavy particles and antiparticles, the path integral for- 
mulation of an effective field theory which describes the low momentum interactions 
is presented. The heavy degrees of freedom are identified and explicitly integrated 
out from the functional integral of the full theory. Using this method, the effective 
Lagrangian, which may be calculated to arbitrary subleading order in an inverse mass 
expansion, is derived for fields of spin-0, 1/2, and 1. 
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1 Introduction 



The application of quantum field theory to processes involving external states with a char- 
acteristic momentum scale A is often complicated by the contributions from real and virtual 
excitations occuring at a much higher momentum of order m ^ A which may preclude a 
straightforward perturbative treatment. The description of such phenomena with disparate 
scales can be greatly facilitated by the formulation of an effective field theory (EFT). In this 
approach, starting from a theory which describes processes at some high energy scale, heavy 
degrees of freedom, which are no longer dynamical at lower scales, are successively integrated 
out to yield an effective theory appropriate for the description of lower energy phenomena 
in terms of the remaining light excitations. 

A familiar effective field theory occurs in the description of electroweak phenomena. In the 
modern SI](2)l x U(l)y theory which provides a description of the electroweak interactions 
up to energies of order hundreds of GeV, both matter fields and the weak gauge boson fields, 
and appear explicitly. However, there are a multitude of weak processes which 
occur at energies of around a GeV, far below the gauge boson masses, where such heavy 
particles only appear as virtual degrees of freedom. For such low-momentum phenomena, it 
is convenient and advantageous to integrate out the and fields to give an effective field 
theory in which the effects of these gauge particles appear as non-renormalizable fermionic 
operators suppressed by a mass of order the weak scale; the dominant subleading four-fermion 
operators reproduce the old Fermi theory of the weak interactions. 

In the following, we examine effective field theories of heavy particles which have some 
features that are qualitatively different from the example above. The aim of this presentation 
is to look at such theories in a more systematic and general context. For instance, the 
techniques to be illustrated here apply not just to elementary fields but also to those of 
composite particles as well as those of different spin. 

Let us begin by considering a quantum field theory which describes a particle with a 
mass m which is coupled strongly to a non-Abelian gauge field at low energies (below m) so 
that it is not amenable to a perturbative treatment in this kinematic region. In addition, let 
Asi characterize the typical scale of the interactions.^] 

When the mass m of this particle is taken to be very large compared to this scale, 
m ^ Asi, with Agj fixed, there is a kinematic range below the large mass m where the 
heavy particle is no longer fully dynamical — for example, processes where heavy particle 
and antiparticle pair production occur are highly suppressed — and particle and antiparticle 
number are separately conserved. Furthermore, when the magnitude of the typical momen- 
^ A concrete example is the strong interactions of heavy quarks which wih be discussed later in this paper 
illJ. 
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turn exchanged in such interactions and those involving other hght degrees of freedom in the 
system is of order Asi, the heavy particle some velocity v (with f ^ = 1), which 

is unaltered by these strong interactions, and its momentum can be expressed in the form 



where is a "residual momentum" with magnitude of order Asi <^ m 0. Interactions 
conserve the velocity and will only perturb p by an amount of order Asi- Typical momentum 
transfers are also of order Asi- 

In this situation, it is convenient to integrate out the high-momentum excitations so 
that in the resulting effective field theory its effects are reproduced by higher-dimensional 
operators, which are accompanied by powers of Asi/m, involving the remaining degrees of 
freedom. This theory would be valid for a single heavy particle in the kinematic region where 
low energy phenomena with momenta of order Agi take place. However, in this case, there is 
an important distinction from the above example of the electroweak theory: here, the heavy 
particle is real, and the heavy degrees of freedom which are removed correspond not to the 
entire heavy field but to the components of this field which decouple from the physical states 
in the infinite mass limit. Hence, external states in the EFT may still involve the heavy 
particle unlike the above case where they would only appear as virtual excitations. 

It is such an EFT, where the heavy particle may still be present as an external field, that 
we would like to construct starting from a full theory in a functional integral framework for 
particles of different spin. First, the heavy excitations will be identified and then explicitly 
integrated out from the path integral: since the particles and antiparticles decouple in the 
limit m oo independent of their spin, the heavy degrees of freedom correspond to either the 
particle or antiparticle components of the heavy field. In the subsequent analyses presented 
in this paper, the antiparticle component will be removed to give an EFT of heavy particles, 
but the procedure to obtain a heavy antiparticle EFT is virtually identical as we shall see. 

The result is an effective action which is usually non-local in the light fields that are left. 
Then expanding out this non-local action in an operator product expansion yields an infinite 
series of local operators of increasingly higher dimension suppressed by powers of the large 
scale. This procedure disentangles the low-energy physics, which may be non-perturbative, 
and is given by the structure of these operators from the effects of physics at high-energy 
which resides in the coefficients of these operators. In doing so, one also extracts the full 
dependence of physical observables on the heavy mass. In the following sections of this paper, 
such an approach will be used to formulate effective field theories for heavy particles of spin 
0, 1/2, and 1. Although it may be intuitively evident that such effective theories should 
exist, it is nevertheless enlightening and reassuring to carry out this program explicitly. 



p = mv + k, 
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2 An Effective Field Theory of Heavy Scalar Particles 



Consider a non- Hermit ian scalar field coupled strongly to a non-Abelian gauge field 
described by the Lagrangian 

A = {D^<pyDy - ml 0V + + <P^J, (2) 

where 

= (5^ - igAf')(j), (3) 

and J are external sources for and 0^, respectively, and is the mass. Eq. (Q) is the 
most general renormalizable Lagrangian in the absence of internal degrees of freedom (which 
may be incorporated straightforwardly) except for scalar self-interaction terms. Such terms 
are excluded because the object is to construct an EFT in the one-heavy-particle sector. As 
in the above discussion, let Asi characterize the scale of the interactions, with Asi <^ m^. A 
concrete example of such a theory is one which is described by a chiral effective Lagrangian of 
a heavy pseudoscalar meson such as a i?-meson interacting with a pseudo-Goldstone bosons 
where the interaction scale is A^ <^ m^. However, to illustrate the methodology we shall 
continue to use the theory with the Lagrangian in eq. (0). 

Since the conjugate momentum field of 0^ is 

Tr = ^ = D'^cj), (4) 

a0t ^' ^ ^ 

the Hamiltonian is given by 

Us = 7r^<j) + <j)^TT-Cs = 7i^7i + {igAo(f)y7i + 7iUgAo(l)-{Dj(f)yD^(f) + ml(j)'^(j)~J^(j)-(f)U. (5) 

The generating functional for the Green functions of this theory can be written as a functional 
integral over these fields: 

Z[j^,jIj^,jI] = N J e*/(-^^+'^^--w=+4*+<^'j^^+^'i-+^'^'-)'^'"r'0p0tpvrp7rt 

= N J e' /M{^O<^) + {I5o?i)t7r-7rt,r+{Dj</.)t(DV)-m20t<^+(j^ + J)t0+0t(j^ + J)+^^^ 

V(l)V(l)^VnV7r^ (6) 

where is a normalization constant. 

This procedure may be generalized to a frame moving with velocity f ^ where the conju- 
gate momentum field of 0^ is now 
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Then the generating functional becomes 

= N j e'^^^'^^'^^^^l'^^^^^^^^^^-^''^^^^^^^^'^^^ (8) 

where 

Ls{(t>) =4{^- m + {v ■ Dct>)U, - -kI-k, + {D^<P)\D^^^ct>) - ml 0t0 + jt0 + 0t (9) 

and Dj[ is the component of the covariant derivative orthogonal to the direction of the 
velocity v'^: 

Di = D^- v,{v ■ D) (10) 

To identify the heavy degrees of freedom, first observe that in the large mass limit, the 
(predominantly) heavy particle field (with positive energy) is given by the projection 

<h+ = l(l + 6, (11a) 



2 V rris 

while the (predominantly) heavy antiparticle field (with negative energy) is given by 
so that 

= 0+ + 0-, (12a) 
'^"■^-^ - - (12b) 



Making the decomposition into particle and antiparticle components yields 

z[m,jI.,u~,jI-] = nJ e^/[^^(*"'^")+(^-:-^"+^-:-^"+^-)i^^^p0+i)0-i)(0+)ti)(0-)t, 

(13) 

where 

L,(0+, 0") = 2m,i[(0+)^i; ■ £10+ - (0")V; • D(f)-] - 2m^[(0+)t0+ + (0-)^"] 

+ [Di{^^ + 4>-)]^D^^'{4>+ + (f)-) + J\(P+ + + (0+ + 0-)t J, (14) 

and quantities independent of the fields have been absorbed into A^. Note that this function 
Lg which appears in the generating functional is different from the original Lagrangian Cg. 
The "h.c." denotes hermitian conjugate terms. 

To arrive at an EFT of heavy scalars, the antiscalar component must be integrated out. 
However, it is useful to first remove from the total momentum of the heavy field the large 
momentum piece m^f in eq. (|I|) by defining a new field 0^, at a velocity v: 

(f){x) = e-''"="-"0,(x) (15a) 
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and similarly for the component fields 



0±(x) = e-*™=^-^0^(x). (15b) 

Now, derivatives acting on 0^ only give factors of the residual momentum k and thus fa- 
cilitating a systematic derivative expansion of operators in powers of k/mg ~ Asi/mg. To 
arrive at an EFT of heavy antiparticles, the factor e~*'^=*''^' would be replaced by e'^^"^"^'^ 



in eq. (|15aHl5b|) ; for particles with spin this is also the appropriate replacement {v — + —v) 
together with a suitable change in the mass. Implementing these transformations in the 
above generating functional gives 

D0+D0;P(0+)tp(0;)t, (16) 

where 



L:(0+ 0;) = 2m,[{<Pt)Uv ■ D<j>+ - (C)^(2m, + zv ■ D)<p-] - (0+ + 0;)t(D^)2(0+ + 

+jte— .--(0+ + 0-) + e^™.^-(0+ + 0-)t J, (17) 

Now setting the sources for the 0~ and the 0""'" fields to zero, j,^- = = 0, and performing 
the functional integral over these fields yields the result 

Z[j^.,jI,0,0] = iVy'e^/[^^''('^")+(^-'^"+^-'=-)l'^*ndet«[2m,(2m, + ■ D) + iD^)^]y'V^,Vipl 

(18) 

where one has used the simplified notation 

= (19) 



In eq. (|I|) 



L':{^,) = (^t[2m,zi;-D-(Z}^)V. + ^^e-~>, + <^|,e~V 

+ [-ipl{Dy + jte-'^'"="-"][2m,(2m, + tv D) + iD^)T' 

[-(D^)V. + -fe'"^"1, (20) 

and 

J^. = J,t = (21) 

is the source for ipl. The determinant factor in eq. (|23|) is a consequence of quantum effects. 

Eq. (^) clearly contains non-local terms, but now one may systematically expand in 
powers of derivatives over the large mass to arrive at the heavy scalar effective field theory 
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(HSEFT) Lagrangian 



1 



2m 



s 



+0 i—A , (22) 



with the generating functional 

^hseft[j^„,4„,0,0] = iv|e^/[^JisEPT(^«)+(ik'^.+h.c.)]d''. 



{deti[2m,(2m, + iv ■ D) + {DA ]Y' Vip^Vcpl (23) 

When the theory was expressed in terms of velocity-dependent fields above, a particular 
velocity v was selected which breaks the Lorentz covariance of the theory. Furthermore, since 
the different velocity sectors are not coupled to one another by the "velocity superselection 
rule" [0], in order to recover Lorentz covariance all possible velocities should be included so 
that the complete generating functional becomes 

] = y"e*/Ej-^HSEFT('/'")+0'k'^-+h-c.)]rf^2^ 

n{deti[2m,(2m, + iv D) + {D^^]}-^ V^vV^l (24) 

In this HSEFT as it has been formulated here, (fy only acts on scalars and not on 
antiscalars. For a theory with antiscalars, they would have to be included separately through 
the transformation indicated above. Moreover, additional flavours of heavy scalars (each 
with mass m^. ^ Asi) are readily incorporated into the above formalism: the complete 
generating functional is then the product of the generating functionals for each species i and 
the corresponding effective Lagrangian is the sum of the individual ones. Hence if the fields 
were scaled as 

= (25) 



then for Ns heavy scalar flavours the leading order effective Lagrangian in eq. ( p2D would 
have a SU(A^s) symmetry. Operator insertions can also be readily accommodated by adding 
to the full theory Lagrangian, eq. (|^), a term with the operator coupled to a source. 

The calculation performed here yields the tree- level effective Lagrangian, eq. (^2]). This 
quantity can also be derived by using the classical equation of motion for (f)~ from eq. ([T7|) , 
namely 



-1 



2ms{2m, + iv D) + {DA (/^^)'0+ - , (26) 
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to express 0~ in terms of 0^ in that Lagrangian. However, these two approaches will differ 
when quantum effects are included and herein lies an advantage of the functional integral 
approach where such contributions can be incorporated methodically. In particular, the 



relation between and (j)^ in eq. p6| ) will be altered by such effects. The equation of 
motion method also fails to generate the determinantal factor in eq. (0). To calculate 
physical quantities when radiative corrections are taken into account, it is necessary to 
choose a suitable regularization and renormalization scheme. However, since the choice of 
such schemes is the same for the theories considered in this paper, a discussion of this subject 
will be prosponed until the following section where we examine heavy spin-| particles because 
they occur in some theories of considerable interest and thus affords us the opportunity to 
treat them in a physically realized setting. 

Finally, since any observable may be expressed in terms of a Green function which are, 
in turn, all generated by the action functional, eq. (|^) or (p^), these equations along with 
a regularization and renormalization scheme provide a complete framework for performing 
calculations in this theory. 



3 An Effective Field Theory of Heavy Spin-^ Fermions 

There are a number of examples in nature of spin-| fermions whose masses are large compared 
with their characteristic interaction energies: for instance, heavy b and c quarks in QCD, 
and the chiral interactions of heavy spin-| baryons with pseudo-Goldstone bosons amongst 
others. In this paper, we will apply the above method to the low-momentum interactions 
of heavy quarks in QCD applications of this methodology to the chiral interactions of 
heavy baryons will be presented in a subsequent publication. 

The strong interactions of a given flavour of heavy quark, having a mass tuq ^ Aqcd, 
with coloured gluons and coupled to an external source ( is described by the Lagrangian 

Chq = - mQ)tP + C^ + ^C- (27) 

ip is the heavy quark field in QCD and D^^ is the gauge-covariant derivative: 

Df^iP = - igA^J''')ip (28) 

The gluon field tensor G^^ is defined by 

[D^', D""] = -igG^^^'T'', (29) 

where T" is the colour SU(3) generator. 
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The action functional in a frame moving at velocity with sources rj and rj for and 
ifj, respectively, is 

Z[ri,f]] = N J e' I[p^^-di^+^-di^^p-T<m+fi^+^v]d^^ VipVip, (30) 
where is the conjugate momentum field of ip, 

and Hhq is the Hamiltonian: 

Hhq = + mgV^V^ -C^-^C (32) 

Eq. ( pOD can be simplified to read 

Z[r],r]]=N f e^/t^'HQ+^^+'^^l^*- (33) 



where 

^HQ = Mi'v ■ D +p^) - mg]^ + C^ + (34) 

Although in this case the quantity appearing in the generating functional of eq. (|33D is L^q 
which coincides with the original Lagrangian Cyiq, this is generally not true whenever there 
are two or more time derivatives in kinetic terms of the Lagrangian as one may see from the 
above analysis of the scalar field theory. 

As in the usual treatment of heavy quarks in an effective field theory, the heavy quark 
and heavy antiquark components at a velocity f^, and ■?/'", respectively, are defined by 

= (35) 



with 

= (36) 

V' = + C- (37) 

Then to obtain an effective theory for heavy quarks, the kinematic dependence of the fields 
on the heavy mass is removed by the transformation 

^±(x) = e-^^^^-^'^htix), (38) 

with 

h, = h+ + h-. (39) 

Implementing these changes gives 

Z[r/,r/] = N j ^^S[L'kc^i^^^)+n^+^'n]d^-^{h+ _ e^-<3--p+^) 3{h- - e'^^^-'P-^/') 

5{h+ - e-*'"«" >P+) 5{h- - e-^'^'^^-^V'^") 'D^ 'D^p Vh+ Vh' Vh+ Vh' (AO) 
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Defining 

^± = e^™«--P±r/, = e^-Q--p±C, (41) 

for tlie sources for hf, and integrating over the ip and ip fields gives tlie action functional in 
terms of the new fields: 

where 

Ll^ih^M) = htiv-Dht~h-{iv-D + 2mQ)h~ + hti]p^h- + h-Up^h^ 

HCK + CK + ^-c.). (43) 

^source = vtK + %K + Kvt + K% ■ (44) 

As in the scalar case, the heavy antiquark component is the heavy degree of freedom to be 
removed, so setting the corresponding sources to zero, f]' = fj~ = 0, and integrating over h~ 
and h~ yields the generating functional 

Z[ri+,f]+] = N j e*/[^HQEPT(/^^.'i^)+i™(/^+,/^+;r,+,f?+)]d4x^g^^2mQ + ■ D)Vh+Vh+, (45) 

where 

^HQEFT = htiv ■ Dh+ + CK^^ + C)(2mQ + tv ■ D)-\i]p^ht + C) + {CtK + h.c), (46) 
and 

L,onrce{K, h+ ; 7]+, f]+) = r]+h+ + h+r]+ . (47) 



The determinant in eq. (^5]) arises from integrating out the quantum fluctuations of the h~ 
field. This quantity may be regulated so that gauge invariance is preserved, and when it is 
evaluated in an axial gauge with t> ■ ^ = 0, it turns out to be constant 0]. 

As before, integrating out the heavy degrees of freedom leads to a non-local effective 
Lagrangian, but one which has a systematic derivative expansion in powers of Aqcd/''^q 
and where short and long distance scales are separated; this heavy quark effective field 
theory (HQEFT) Lagrangian is 

oo 

-^HQEFT = X! '^HQEFT) (48) 
n=0 

where the superscript n denotes the nth order term in the l/mq expansion oi C^q-^pr^. The 
first several terms (with the sources set to zero) are 

■^HQEFT ~ Qv'i(v ■ D)Qy, 
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■^HQEFT — r,,.. 



1 

2mQ 



[iDf + ^-a^'G,, - {iv ■ Df 



Qvi 



Q 

2'Qv 



+ -{D'-'-a^^''G,,,vD]-{vD) 



Qv 5 

-^Sft = ^QMvD)'p-{v-Dr]Q,. (49) 



And the HQEFT generating functional is given by eq. ( ^31) with I^hqeft replaced by ^hqeft- 
Just as for scalar fields, Lorentz covariance of this effective theory is recovered by analo- 
gously including the various velocity sectors leading to the effective Lagragian 

£hqeft = -^hqeft' (50) 

which at leading-order has the well-known SU(2A^/) spin-flavour symmetry for Nf flavours 
of heavy quarks . 

The path integration over the heavy excitations gives the HQEFT Lagrangian, eq. ( ^Sf ) 
and (^Ol), which reproduces QCD at tree- level for scales below rriQ. In doing so, all of the 
internal heavy quark loops have been integrated out from the theory. However, as we had 
alluded to in the previous section, to completely specify an EFT requires, in addition, the 
specification of a regularization and renormalization scheme. Since dimensional regulariza- 
tion preserves all of the physical properties of the theory except that space-time is no longer 
four- dimensional, it is the most suitable choice for massive particles coupled to gauge fields. 
Perhaps the most convenient renormalization scheme is one involving a mass-independent 
subtraction (such as MS or MS) and it is the one employed here.0 

Since the high energy behaviour of HQEFT is different from that of QCD, when radia- 
tive contributions are included, the HQEFT Lagrangian must be corrected from its tree-level 



form by introducing short distance coefficients for the operators in eq. (|^) which are deter- 
mined by matching physical quantities calculated in the two theories. Since the matching 
is generally performed at the heavy mass thresholds, the values of the coefficients at lower 
scales are determined by solving for their evolution as governed by the renormalization group 
equations. [] 

■^Although in a mass-independent subtraction scheme the heavy particles do not decouple this does 
not present a problem here because below its mass mg the dynamical degrees of freedom of the heavy quark 
have been explicitly integrated out. 

"^See for instance ref. 
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4 An Effective Field Theory of Heavy Vector Particles 



In nature, there are some instances where the low-momentum behaviour of heavy spin-1 
particles may be best described by an effective field theory such as the chiral interactions of 
D* or B* vector mesons with pseudo-Goldstone bosons. For simplicity, we shall illustrate the 
formulation of an effective field theory for a heavy vector field with mass my described 
by the Lagrangian 

Cv = -\{D,A, - D,A^)\D^A^ - D'' A^) + {my fAlA'^, (51) 

where the covariant derivative prescribes the interaction of the massive vector with the gauge 
field 

^M^^ = (^M _ igA^')A'', (52) 
with a typical interaction scale of Asi. The equation of motion for the field is 

Df.iD^'A" - D^A^") + {mvfA'' = 0. (53) 



Without internal symmetries (which may be included), eq. (^Tj) is the most general La- 
grangian when self-interaction terms for the heavy field are excluded (as they are irrelevant 
in the one- heavy-particle sector). The procedure given below can be used to derive a heavy 
particle effective field theory for more complicated and physically realized cases such as the 
example given above .0 

We shall first obtain the Hamiltonian which will be needed subsequently. In a coordinate 
frame with velocity v'^, the conjugate momentum field to Al is 

= ^< Lu = -^/^^"^ = -^^(^""^ + (54) 
o{v ■ oAl) 

where 

= iv^v- D)A, -{v,v- D)A^, (55) 

and 

g^^, = D^A, - D^A„ (56) 
so the Hamiltonian may then be written as 

Hv = -nt - [u'^^v'^g^^, + n^t^ ■ i-tgA)A, + h.c] - v^^g^lvo.g^"" 

+\q^W - {mvfAlA^. (57) 

This theory is singular as one may see from the fact that in the rest frame the A^ 
component has no conjugate momentum field, and consequently, there are constraints. The 

'^Some instances where such a theory is used in chiral interactions are ref. ifzl, p|. 
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Hamiltonian formalism, in which such constraints are taken into account, will be employed 
to quantize the system In this moving frame there is a primary constraint: 

$(1) =vU = (58) 

Secondary constraints may be derived by requiring that this primary constraint is consistent 
with the equations of motion: 

= {<l>(^^7^v} =0 (59) 

Commuting the primary constraint with the Hamiltonian gives 

$(2) = _y . D{v ■ n) + Df^Tlf" + (my)2 V ■ A. (60) 

Since massive spin-1 particles have only three physical degrees of freedom and it is represented 
here as a four-component vector field, eq. (0) serves to eliminate the spurious degree of 
freedom. There are no other secondary constraints, and $ = $(2)) jg the full system of 
constraints. The matrix consisting of the Poisson bracket of all constraints, namely 

{mvf 
-(my)2 

is nonsingular here, so this is a theory with second-class constraints. 

The generating functional for the heavy vector field and the conjugate momentum 
field n'^^ with the corresponding sources and Jn which implements these constraints is 

ZIJaJaJtiJu] = N f QiJlLv(At,,n^-,h.c.)+ij%U^+j^^U^+h.c.)]d*x 



{$(x),<|.(y)}= I ' y l5(x-y), (61) 



6{-v ■ D{v ■ n) + D^W + [mvfv ■ A) 
5[{-v ■ D{v ■ n) + D^W + {mvfv ■ Af] 
VA^VAlVU^VUl (62) 

where 

Lv{A\ W) = W^{v ■ dA,) + {v ■ dA.yW - 7^y(A^ W). (63) 

Because the matrix {$, $} in eq. (0) is independent of the fields, the corresponding deter- 

1 

minant factor det 2 {<!>,$} can be factored out of the path integral and henceforth will be 
absorbed into the normalization. 

It is convenient to change variables into quantities defined with respect to the velocity 
by introducing the following projectors parallel and perpendicular projectors 

^i,^ = ^t^t^u (64a) 
= 9^iu - V/^Vu. (64b) 
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Hence, one defines the component of the vector field parallel to the velocity as 

All = -u • A, (65a) 

and the perpendicular component to be 

A^^V^,^,A,^A,-v,A^\ (65b) 

with the constraint 

v-A^ = Q, (65c) 

so that 

A, = {Vl,. + = v,A^\ + A^^. (65d) 

Similarly, the parallel and perpendicular components of the conjugate momentum field are 
defined to be, respectively, 

nil = t; • n, (66a) 

ni = ^i.,„n, = n^-^;^nii, (66b) 

with 

• = 0, (66c) 

H;. = {Vl,, + ^i,jn, = t;^nll + n;^. (66d) 

Making this change of variables and then integrating over the fields , nH^ and implementing 
the above delta function constraints in Ly yields 

[S{v ■ A^) VA^ PA" 5{v ■ n^) Vn^ X (h.c.)], (67) 

where 

Lv{Ai,A\\,U^;h.c.) = {W^)\v ■ DA^ - D^A^) + {v ■ DA^ - D^AWyW^ 

+(ni)tn'^^ + liD^A^ - D^Aj,y{D^^A^^ - d^^a>^^) 

+ (m^)2[(A^)U^^ + (All)tAll]. (68) 

The next step is to identify the heavy degrees of freedom. In the heavy mass limit, the 
heavy vector ^4+ and heavy antivector A~ component fields may be identified with 

^, , I f ^ . iv- D 
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The original field and its derivative may then be expressed in terms of these components 
through 

A, = A+ + A~, (70a) 

These equations can then be used to reexpress the action functional in terms of the positive 
and negative energy components A^. 

It is clear that to obtain an EFT which describes heavy vectors, A~ should be integrated 
out. As before, however, it is convenient to first remove the kinematic dependence of the 
heavy field on my by defining new velocity-dependent fields: 

A^^{x) = --Ai^(x), (71) 

Expressing the generating functional in terms of these new quantities and integrating out 
A\Aj^~ as well as their hermitian conjugate fields yields 

(detS)-i 6{v ■ A^+) S{v ■ A^+^) VA'i^+ (72) 



with 



B = tB.B^Bs, (73) 

B, = {D^f + imvf, (74) 
(Ss)^, = [2mv{2mv + iv-D) + {D^f]g^,-D^D^ 

-{vD- imv)Di[{D^f + (mvfr'D^i'v ' D - imy), (75) 

Bs = {B^')^,v''v\ (76) 



and 



^HVEFT = {A^/+y{[-'^^v^v■D + {Dy]g,,-D^D;^ 

-{vD- imv)D^[iDy + {mv)T'D^iv ■ D - imy)^^^^}, (77) 
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Expanding out the non-local expressions in powers of Asi/my finally yields the heavy vector 
effective field theory (HVEFT) Lagrangian: 



''-HVEFT 



my 



4(my) 



-2mv w-D\{D^f 
{DiD^v -D + v DD^^D 

9,u {-{D^f + 



DtD^ + D-D, 



^,4 , {D^fivD{D^r 



2m 



V 



AD^m^YDt (78) 



+ {D^fDiD': - A{v ■ D)D':Dt{v ■ D 



+ 



imyf 



Using eq. (|65b| ), £hveft can be rewritten in terms of A'^'^ 



HVEFT 



-2myiv ■ D + {D- 



4(my)2 



^{my)-- 



4(my)2 



my 



D^Dtv-D + vDD^Dt 



(79) 



2my 

+ {D^)'D^Di - 4{v ■ D)DiD^{v ■ D)] + O ( 



{myf 



A 



By scaling the field as 



Ai",-^ 



it can be seen from eq. (^) that a theory with Ny fiavours of heavy vector particles will have 
a SU(3A^y) spin-fiavour symmetry at leading order. And just as in the cases examined above, 
a Lorentz-covariant theory may be recovered by appropriately including the contributions 
from the different possible velocities. 

The remarks made in the previous investigations regarding radiative contributions, reg- 
ularization, renormalization, and matching are also appropriate here. Moreover, there is a 
remarkable similarity between this analysis and the previous one involving bosons namely 
for spin-0 particles. 



5 Summary 

In this paper, a functional integral method for deriving an effective field theories for heavy 
particles of different spin has been presented. It gives the effective Lagrangian to all orders in 
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an inverse heavy mass expansion. Radiative contributions can be systematically incorporated 
through matching and renormalization group running. These effective theories provide a 
convenient description of phenomena occurring below the heavy mass and in the kinematic 
region where all other interaction scales are much smaller. The results derived here will be 



utilized in the analysis of a hidden symmetry of heavy particle effective field theories [10|. 
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